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Twln,p) with n and p, while defining the free energy
balance in molar quantities (cf. eq 3, 4, 10, and 11) as

AF(LT) - Z{n) =0 (AD)
where

2e(n) = 20..(n) + 2no.¢ (A2)

0e(n) is the surface free energy of one chain end in the
surface of a crystal made of n-times folded chains, and 20,4
is the surface free energy of one chain fold (occupying two
lattice sites, cf. Figure 2b). Hence

[pAHf/Tm(m)][Tm(w) - Tm(nap)] - RTm(nap) In p=
2e(n) + RT,(n,p) In C = 2% (n) (A3)

in which C! is the number of monomer units in the sta-
tistical segment.’® )

The analysis, at an average temperature 7' = 61.2 °C,
in the melting range of the various fractions considered,
yields the following results

20,.(0) + RT In C = 1.57 kcal /mol
20,4(n 2 1) + RT In C = 2.15 kcal /mol
20,5 = 1.38 kcal/mol

from which one can easily derive the various molar surface
free energies 37 (n). In most cases it was necessary to
account for the temperature dependence of YHn,T) =
YHn,DI[1 - (T - T)] with & ~ 1.3 X 102 K. (The
conversion factor is 1 kcal/mol = 32.5 erg cm™2)
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ABSTRACT: The characteristic frequency Q(g) for linear polymer chains is calculated as a function of
temperature, for all values of g, without preaveraging the Oseen tensor. It is found that the preaveraging
does not affect the overall qualitative behavior of Q(g) as a function of g, but it introduces non-negligible
numerical errors. In particular, in the intermediate g region and for good solvents the ratio 2(g) = Q(g)/ (kgT/n0)q*
is found to be 0.0789 instead of 0.071 which was previously calculated by using the preaveraged Oseen tensor.
The ratio z(g) is investigated in detail as a function of g.

The purpose of this paper is to investigate the effects
of preaveraging the Oseen tensor on the characteristic
frequency (or first cumulant) Q(q) of the coherent scat-
tering function S(g,t) in a good solvent and to study the
variation of Q{(q)/q® with molecular weight and the type
of polymer. Q(g) was first calculated by Akcasu and Gurol!
for a linear single unperturbed Gaussian chain without
preaveraging the Oseen tensor. By comparing their results
with those obtained by preaveraging the Oseen tensor, they
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concluded that the effect of preaveraging is to predict a
lower value for Q(g), with the difference being largest in
the vicinity of ga = 1 and vanishing as ga — 0. Akcasu
and Higgins? later obtained Q(q) for a freely jointed chain
with nonpreaveraged Oseen tensor again in a © solvent.
Burchard et al.? extended these calculations to branched
polymers in a 6 solvent and showed that the error resulting
from preaveraging may be as large as 40% in such poly-
mers. More recently, Akcasu and Benmouna? considered
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the effects of temperature and concentration on Q(q) by
using the preaveraged Oseen tensor. In the present paper
we repeat the calculation of Q(g) without preaveraging the
Oseen tensor, for a single linear Gaussian chain, as a
function of temperature and in particular in the good
solvent limit.

Theory

The starting point for the calculation of Q(g) is given
by the following expression’

2 (D, qeivRn):qq

nm

(Q) Z<elq.an> ( a)
where
D, = kgT(Tom + (1/£)16,] (1b)
and
1
Tnm = Ian2+ anan 1
8‘)1’770an3[ ] 1o

&, is the friction coefficient per segment, ng is the viscosity
of the solvent, and R,,,, = R, - R,,. Since D,,, is a function
of R,,, only, it is sufficient to know the equilibrium dis-
tribution of R, which we assume to be Gaussian.

3\ 3
PRy = | — - 2
(R (27r<an2> exp( 2<an2>R"’") 22

Temperature effects are incorporated through (R,.%),
using the blob model of chain statistics,

if [n—m| <N, (2b)

<an2) = ’n - m|a2

and

ln - ml 2v )
<an2> = N 572 lf ‘n - ml > NT (2C)

where N, ~ 72 and £,2 = N,a?% a is the unit segment length
(for more details on these aspects, we refer the reader to
ref 4 and the references listed therein). Combining eq 1
and 2 we obtain the first cumulant as a function of mo-
mentum transfer g and reduced temperature r = (T-06)/T
as

Qq,7) =

kgT -1
qz_;;{l + g ?/2 (q,r)} {1 + %HN(C],T)} (3a)
0

where
N-1
Fnlg,r) = Z (1 -

[X T2+ X,

R
-an dt t2]+

a':;(l—l—\—’)Y 2[ Y.+ 2+ Y, DY f dt e’

(3b)
N1 n \
Hy(g,7) = angl(l - ZTJ) X 4 anzz:v(l - N)e'yn (3c)
and
X2=an
Y,? = (an® /N> (v =%)

B= (1/61/2773/2)(50/7700)
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These results become identical with those obtained by
Akcasu and Gurol! when N, = N, i.e., in the absence of
excluded volume effects.

To discuss the various limiting cases of Q(q,7) analyti-
cally, we approximate the sums by integrals!® so that eq
3b,c become, respectively

K? u )1
Fnlg,r) = f du (1 - ﬁ); X
1 1 » ul/? tZ
[—u—lﬁ+(2+;)e j; et dt | +
K2 1-(1/2v) K2/ g2
(xK*) f/du(l—xu 1

% K2 =KV Jye-a/w X

1 1 u ut’? :2
[—u—l/g + (2 + ;)e j; dt e ] (4a)

*K?
du (1 A )e‘” +
a K2
K?
f du (1 - —“—)e-u”uK““’”" (4b)
xK? K?

where K* = aN and x&8 N_/N. If we let x = 1/N, the first
integral in eq 4a and 4b vanishes and we obtain the good
solvent limit. In the © solvent case x = 1 and it is the
second integral which vanishes. Note that if we set » =
1/, in these equations, we recapture the 6 solvent limit.!
In this paper, we focus our attention on the temperature
dependence of Q(g), and in particular on the good solvent
limit. In this limit eq 4a and 4b become, respectively

Yy
2N ‘fa du X

u 1 1 1 u wif? (2
(1 _Kyl/u)uz—u/zn “an T (2 * Z)e j; dte

dyteoi(q) =

(5a)

and

1 Dpe 2
Hp#od(q) = Naﬁw(sm du (1 - ek (5b)
where

K2=(1/3)1 + »)(1 + 2»)q2R%(») (5¢)

with
Rg(v) = aN*[2(1 + »)(1 + 2p)]7V/2 (5d)

Substituting (5) in (3a) we obtain Q in the good solvent
limit as a function of g. We distinguish three ¢ regions:
in the region where ga << 1 but gRg is finite we let « —
0 in (5a) and obtain

Q(q) _ 31 - v)(2
q2D(u) 160 f du X

v )l o«
K‘,l/" w21/
1 1\ Lot e
[—;1/—24'(2‘*';)6”]; dte .

( J; " du a- u)e"u”Kf)'1 (6a)
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where

kT
1oRg( ){71'(1 W2 - »)[37(1 + »)(1 + 2]V
(6b)

This form of the normalized ©, which depends only on
gRg, is suitable for interpreting light-scattering experi-
ments. Furthermore, it contains both the good and 6
solvent limits by letting v = 3/5 and !/,, respectively.

In the low g region where gRg <« 1 holds, eq 3a reduces
to Q(q,7) = D(r)q? where D(7) is the temperature-de-
pendent diffusion coefficient. The expression of D(r)
obtained from (3a) is identical with that derived by Ben-
mouna and Akcasu, using the preaveraged Oseen tensor
(see eq 28 of ref 4a), and hence will not be reproduced here.
It reduces to D(») in (6b) in both good (v = 3/5) and ©
solvent (v = 1/,) limits. The fact that the diffusion coef-
ficient is not affected by preaveraging the Oseen tensor
is not surprising because in the small g limit Q(q) depends
on (T,,,) only, as can be seen from eq 1. If we take the
limit « = 0 and K — « in (4) we obtain Q in the inter-
mediate ¢ region. In this region, Q(q) as a function of g
displays a crossover at ¢ = g* = 61/2/¢_, just as it does when
it is calculated with the preaveraged Oseen tensor. In the
Rouse limit (B = 0) in which the Oseen tensor is not
present, { varies with g as ¢* when ¢ « g* and as ¢''/3
when ¢ > g* as discussed elsewhere.* In the Zimm limit
where hydrodynamic interaction plays a dominant role,
we find

D) =

kgT .
Qg) = 0.06257]—(13 (O solvent) if g > q* (7a)
0

and

kgT
Qq) = 0.0789—:—-(13 (good solvent) if ¢ «< g*  (7b)
0
Equation 7a is obtained from eq 3 after substituting &,-
(g,7) given by eq 4a in the limit « — 0 and (g/g*)
In this limit #y(q,7) becomes

“ du 1 1 WP (G
j; = _u1/2+(2+u)e~£) dte]— .
(8)

This integral was calculated for the first time by Stock-
mayer.” We reproduce this calculation in Appendix A as
a special case when v = !/,. Equation 7b is obtained by
the same procedure, but now we let (g/g*) —~ 0 and K —
o, In this limit #5(g,7) becomes

o [ 1 1\ et
j; m[-u—lﬁ+(2+;)e j; dte'] )]

which is evaluated in Appendix A as 3.965 for v = 3/, It
is interesting to recall the corresponding expressions of Q
in the case of the preaveraged Oseen tensor:

kT .
Qq) = 0.053——1] q° (6 solvent) if ¢ >» g* (10a)
0

and
kT
Nq) = 0.07177—q3 (good solvent) if ¢ << g*  (10b)
0

These results show that ((g) is about 15% lower in the O
solvent and 10% lower in the good solvent limits when the
Oseen tensor is preaveraged.

" _du (_L
i 2-(1/2) R
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Figure 1. Variation of Q(q)/q*(kgT/ne) with (ga) under 0 con-
ditions with the preaveraged and the nonpreaveraged Oseen
tensor. Note that the maximum difference (15%) is reached at
ga ~ 1.
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Figure 2. Variation of Q(g)/q*kgT/ne) with (ga) under good
solvent conditions with the preaveraged and the nonpreaveraged
Oseen tensor. Note that the maximum difference (11%) is reached
at gqa ~ 1.

In the upper transition region where K, — = and « is
finite, the normalized Q can be obtained from eq 3a and
5 as
Q(q)
2kBT

&

= [1 + ¥ Bla" V% /] X

+(2+ l)e
u

(1 + [V%/0][T(1/20) -

q

o))/

¥(1/2v,0)]) (11)

where y(u,x) is the incomplete v function of argument x
and order u.> This form can be used in the interpretation
of neutron-scattering data. Note that Q(g) depends only
on ga and B, the draining parameter, in this ¢ region.

At higher values of g(a >> 1) eq 11 reduces to the usual
segmental diffusion relaxation frequency'* Q(g) =
(ksT/&)q"

Numerical Results

We calculated Q2(g) numerically by using its original
expression (eq 3) and plotted Q(q)/¢*(kgT/n) vs. ga in
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Figure 3. Variation of Q(q)/q*(kgT/no) with (ga) in good solvent,
© solvent, and for an intermediate temperature corresponding
to N, = 30 with the nonpreaveraged Oseen tensor. This figure
illustrates the tendency to a crossover from good to © solvent
conditions when ¢ is increased from g < g* to g > g*.
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Figure 4. Variation of z(q) = Q(q)/q3(kgT/n,) with (ga) under
good (curve a) and 6 (curve b) solvent conditions with the
preaveraged and the nonpreaveraged Oseen tensor.

Figures 1-3 in 6 and good solvent limits as well as at an
intermediate temperature corresponding to N, = 30. In
Figures 1 and 2 we have also included the curves corre-
sponding to the preaveraged Oseen tensor for comparison.
One observes that preaveraging the Oseen tensor does not
change the qualitative behavior of Q(g) vs. ¢, but only
affects its numerical values in certain g regions. In Figure
3 one may observe the tendency for crossover at g = g*

from good solvent behavior when ¢ < ¢* to © solvent be-

havior when ¢ > g*. This tendency is more pronounced
for longer chains. However, due to the effect of the
translational and segmental diffusion at low and high ¢
regions, respectively, the asymptotic behaviors of good and
O solvent limits, i.e., @ ~ 0.0789¢° and @ ~ 0.0625¢3, are
not quite attained. Consequently the crossover may not
be discernable in an actual experiment, even when g* is
adjusted, by choosing the temperature properly, to fall in
the intermediate ¢ range. However, its effect may still be
observable in the form of a smaller exponent than 3 when
the experimental Q in the intermediate ¢ region is fitted
to a simple power law ¢*. Note that concentration
crossover would lead to an exponent slightly larger than
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Figure 5. Variation of z(q) = Q(q)/q%(kgT /7o) with {ga), using
the nonpreaveraged Oseen tensor, in good solvent, © solvent, and
for an intermediate temperature correponding to N, = 30. This
figure also illustrates the tendency to a crossover from good to
© conditions when ¢ is increased from g < g* to g > ¢*.
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Figure 6. Variation of z{q) = Q{(¢)/q*(ksT/ny) with (ga), using
the nonpreaveraged Oseen tensor, in good (curve a) and © (curve
b) solvent conditions for two values of N. This figure illustrates
the effect of molecular weight on z(g).

3, because the crossover in this case is from Q ~ 0.0625g°
(6 solvent behavior) to @ ~ 0.0789¢® (good solvent be-
havior), as shown previously*® by using the preaveraged
Oseen tensor.

Since in the recent neutron spin echo experiments®
particular attention was given to the variation of z(g) =
Q(q)/q3(kgT/n,) as a function of ¢, we plotted the latter
in Figures 4 and 5, using the expression of 2(q) in © and
good solvent limits as well as for N, = 30. The curves in
(4a) and (4b) depict the effect of preaveraging on this ratio
in various q regions. In Figure 5, the effect of temperature
crossover on z(g) is illustrated. One observes, again, that
the plateau corresponding to @ ~ ¢° behavior is replaced
by a smooth transition from 0.0789 to 0.0625. In order to
investigate the effect of molecular weight, we plotted z(g)
in Figure 6 for various values of N. It is seen that z(g) is
not affected by N in the intermediate and large q regions.
Figure 7 shows the variation of z(g) as a function of gRg
to illustrate that it is a function of ¢Rg only in the small
and intermediate g regions. We note that z(g) decreases
with molecular weight for a fixed ¢ in this region of g.
Figure 8 illustrates the dependence of z(g) on the draining
parameter B in the g region relevant to neutron scattering.
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Figure 7. Variation of z{g) = Q{g)/q*(kgT/n¢) with (¢Rg) in the
¢ region relevant to light-scattering experiments. Curve a cor-
responds to O solvent and curve b corresponds to good solvent
conditions, with the nonpreaveraged Oseen tensor. z(g) is a
function of Rg only in this ¢ region.

One observes that for a fixed g, z(g) may decrease or in-
crease, when the segment length is increased, depending
on the value of B. The effect of increasing B is to uni-
formly decrease z(g) for a fixed ga. The continuous
transition to Rouse behavior, i.e., @ = 0.12(kgT/£,a?)-
{(ga)''/3 as B approaches zero, is to be noted. The con-
clusion is that the analytical expression of z(g) contains
“a” and “B” as two adjustable parameters. Figure 8 simply
explores the theoretically possible behaviors of z(g) as a
function of “a” and “B” in the neutron-scattering g region,
whether or not these curves may be used to explain the
experimental data. However, these possibilities offered
by the theory should be taken into consideration whenever
one 1s not strictly in the asymptotic region.

Discussion

In this paper we investigated the effect of preaveraging
the Oseen tensor on the characteristic frequency Q2 under
various solvent conditions and in particular for good sol-
vents. We found that preaveraging introduces a numerical
error in  as large as 10% for linear chains in good solvents.
Clearly this is not negligible in the interpretation of an
actual experiment. We have also examined the effects of
molecular weight and draining parameter B on the quan-
tity z(q) = Q(q) /q3(kgT/ny) which has been subject to re-
cent experimental discussions. It is clear that z(g) tends
to a universal constant which we calculate in this paper
as 0.0789 in good solvent and 0.0625 in O solvent, only in
the asymptotic intermediate ¢ region where both limits ga
— 0 and gRg — = hold. We have explored the direction
of deviation of this quantity from its universal value
outside the asymptotic region. We have found that in the
neutron-scattering region, z(g) is sensitive to the segmental
length (@) as well as to the draining parameter (B), but not
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Figure 8. Variation of z(g) = Q{g)/q°(kgT/n¢) with {ga) in good
solvent conditions, using the nonpreaveraged Oseen tensor, and
for various values of the draining parameter B. This figure il-
lustrates the effect of the type of polymer molecule on z(g).

to the molecular weight. In the lower transition region,
z(g) is found to depend only on Rg as shown in Figure 7.
These theoretical predictions may shed some light on the
dependence of z(g) on the type of polymer molecule as
reported by Richter et al.? in their neutron-spin echo ex-
periments. We were not able to make more quantitative
remarks on their results because the characteristic fre-
quency (or linewidth) in ref 6 was obtained by fitting
Dubois-Violette and de Gennes’® asymptotic shape func-
tion even in ga regions where the conditions ga <« 1 and
qRg > 1 are not satisfied. The quantity extracted by this
procedure coincides with the characteristic frequency @
(within a factor of 2!/2 due to a different definition of the
characteristic frequency). However, this quantity is not
interpretable once the asymptotic conditions are not ful-
filled in the experiment. The characteristic frequency Q
(or first cumulant of S(g,t)) which we have been using to
interpret the scattering data'*® remains interpretable for
all values of ga and qRg, at least within the limitations of
chain models adopted for specific calculations.? The
conclusions of this and our previous work are applicable
only if the experiment measures the characteristic fre-
quency consistently, using the shape function appropriate
to the conditions of the experiment (see ref 9 for more
details on this subject).

Finally, we further showed that the crossover phenom-
enon may also contribute to the deviation of z(g) from its
plateau value, even in the intermediate ¢ region. One
should notice that this effect varies with the molecular
weight, at a given temperature for which the crossover
value ¢* is essentially fixed, because the relative position
of g* with respect to the intermediate ¢ region changes
with molecular weight due to the interference of transla-
tional motion (see Figure 6).
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Appendix
The calculation of the integral in (9) can be written as
d + 245 (A1)
where
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.o ® du e_ufu\/z dt etZ_ © du
1 . ud- /20 0 o L 6/2)-1/22)

(A2)

_ © du —u u'f? 2
gy = j; — © j; dt e (A3)

with a simple transformation, we can write &, as

*® du ul2 .
&= dt (e® % - 1)
1 ‘J: U,S_(I/ZV) 0

or, by a change of variables, t = z (u!/?)

- du 1 2
- - —u(l-2%) _
& J; WOPRITET J dzte 1)

where it is easy to verify that

1 1 1
-u(1-2% _ = 2 _ —yu(1-2%)
j; dz (e 1) j; dz ulz l)j; dy e

Substituting this result into &, we obtain

and

~)u(1 29

= _f dz(l—zz)f dy f du = L3/2-(1/22)
or
& = —J;l dz(1-=2

2)(3/21-(1/20),

1 dy fm ¢ et
- y—
0 y(l/Zu%(l/Z) 0 u(3/2)—(1/2u)
which reduces to

J = - 2V I‘(l — 1) 1 dZ
! @Br-1)\2r 2 o (12226

By using the change of variable z = sin 0, #; becomes

2w (11 /2 4-(1/9)
= I)F(2u 2)]; dé (cos ©) (A4)
Now consider &, in (A3) where we let t = z(u'/?)

fu(l 22)

ciz=f dzf dum

Transforming u to v as follows, u(1 - 2%) = y, we obtain

1
Iy = F(l - l)f 2d(122)—(1 2)
2v 2 0 (172') /2)-(1/

and by letting z = sin 0, &, reduces to

Macromolecules

1 1 /2
= 2 2 2-(1/v)
&y F( % 2 )j; de (cos ©) (A5)

(i) © Solvent Case (v = !/,). In this case, it is easy to
calculate &, and &, from eq A4 and A5, respectively. The
results are

B w(x1/?)

17 9

and
. r(x/?)
2T 9
Substituting these results into (A1) we arrive at the result
which was first derived by Stockmayer’ (see eq 8):
&+ 24 = n(7V/?) /2

(ii) Good Solvent Case (v = 3/;). Combining (A4) and

(A5) with (Al) we have

/2
&+ 24, = —§F(1)‘j; doO (cos 9)7/% +

2 \3
1 /2
2 1/3
2F(3 )j; dO (cos 6)

and using the numerical results

w/2 .
j; de (cos ©)7/3 = 0.7392

/2
fo de (cos 0)!/3 = 1.293

T(1/,) = 2.6789®

We obtain
& + 24, = 3.965
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